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We disclose the behaviour of quantum and classical correlations among all the different spatial- 
temporal regions of a space-time with an event horizon, comparing fermionic with bosonic fields. 
We show the emergence of conservation laws for entanglement and classical correlations, pointing 
out the crucial role that statistics plays in the information exchange (and more specifically, the 
entanglement tradeoff) across horizons. The results obtained here could shed new light on the 
problem of information behaviour in non-inertial frames and in the presence of horizons, giving a 
better insight about the black hole information paradox. 



PACS numbers: 03.67.Mn, 03.65.-w, 03.65.Yz, 04.62. +v 



I. INTRODUCTION 

Relativistic quantum information, among other topics, 
analyses entanglement behaviour in non-inertial settings. 
It combines tools from general relativity, quantum field 
theory and quantum information theory. It is a new and 
fast-growing field flT-[l6l|. Amongst its hot topics is the 
analysis of how the Unruh effect [l7l - l20j affects the pos- 
sible entanglement that an accelerated observer would 
share with an inertial observer. 

For a bipartite entangled system, it is commonplace in 
relativistic quantum information to call the two observers 
Alice and Rob. We now consider that while Alice proper 
frame is inertial, Rob undergoes a constant acceleration 
a. 

It was shown [J, [l5[ that the Unruh effect degrades 
the entanglement between the two partners affecting all 
the quantum information tasks that they could perform. 
Specifically, it was demonstrated that, as Rob acceler- 
ates, entanglement is completely degraded for a scalar 
field and, conversely, some degree of entanglement is pre- 
served for fermionic fields. This behaviour of fermionic 
fields has been proven to be universal [2lj |. namely, it is 
independent of i) the spin of the fermionic field, ii) the 
kind of maximally entangled state from which we start, 
and iii) the number of participating modes when going 
beyond the single mode approximation (even an infinite 
number of them). 

When Rob accelerates, the description of his partial 
state must be done by means of Rindler coordinates 
[l9l [22j . As it will be shown below, when doing that the 
description of the system splits in three different subsys- 
tems; Alice's Minkowskian system, a subsystem in region 
I of Rindler space-time (which we assign to Rob) and 
another subsystem, called AntiRob, constituted by the 
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modes of the field in region IV of Rindler space time. 

It is important to notice that Schwarzschild metrics 
in the neighbourhood of the event horizon can be ap- 
proximated by Rindler metrics. Therefore, an observer 
arbitrarily close to the Schwarzschild event horizon would 
correspond to an observer arbitrarily close to the Rindler 
horizon. Being arbitrarily close to the Rindler horizon is 
achieved when the acceleration parameter a goes to in- 
finity. This would mean that the limit a — > oo of our 
analysis would correspond to a scenario in which Rob 
is resisting arbitrarily close to the event horizon of an 
Schwarzschild black hole, while Alice is free-falling into 
it. 

Any accelerated observer is constrained to either re- 
gion I or IV of Rindler space-time. If we select region / 
coordinates to account for the accelerated observer Rob, 
he would remain causally disconnected from region IV, 
and therefore, Rob would be unable to communicate with 
the hypothetical observer AntiRob in region IV. 

That means that to describe the point of view of Rob 
we need to remove the part of the system on the other side 
of the event horizon. This is done by tracing over region 
IV of Rindler space-time, in other words, erasing the An- 
tiRob information from the system. This partial tracing 
is the final responsible for the entanglement degradation 
due to Unruh effect. 

To gain a deeper understanding of those degradation 
mechanisms it is useful to study how the entanglement 
is lost as one traces over regions of the Rindler space- 
time. Although the system is obviously bipartite (Alice 
and Rob), shifting to Rindler coordinates for Rob the 
mathematical description of the system [H, [H, HH admits 
a straightforward tripartition: Minkowskian modes (Al- 
ice), Rindler region / modes (Rob), and Rindler region 
IV modes (AntiRob). 

In this paper, instead of considering only the Alice- 
Rob bipartition, we deal with all the different bipartitions 
of the system to study the correlations tradeoff among 
them. These three bipartitions are 

1. Alice-Rob (AR) 
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2. Alice- AntiRob (AR) 

3. Rob-AntiRob (RR) 

Bipartition number 1 is the most commonly considered 
in the literature. It represents the system formed by an 
inertial observer and the modes of the field which an 
accelerated observer is able to access. 

The second bipartition represents the subsystem 
formed by the inertial observer Alice and the modes of the 
field which Rob is not able to access due to the presence 
of an horizon as he accelerates. The physical meaning 
of this bipartition can be more clearly understood in the 
limit a — ¥ oo, in which Rob is equivalent to an observer 
standing outside but arbitrarily close to a Schwarzschild 
black hole event horizon. Then, AntiRob subsystem rep- 
resents the field modes inside the event horizon. 

The third bipartition lacks physical meaning in terms 
of information theory because communication between 
Rob and AntiRob is not allowed. Anyway, studying this 
bipartition is still useful to account for the correlations 
which are created between the spatial-temporal regions 
separated by an event horizon and, therefore, its study 
is necessary and complementary to the previous ones in 
order to give a complete description of the information 
behaviour across an event horizon. 

In Q the existence of these three possible bipartitions 
was considered only for spinless fermion fields. In this 
work we will go far beyond previous analysis and we will 
compare the correlations tradeoff among different bipar- 
titions for bosonic and fcrmionic fields, showing the lead- 
ing role of statistics in the behaviour of information on 
the proximity of event horizons. 

Dimension of the Hilbert space for each mode has 
been often blamed as responsible for the difference be- 
tween fermionic and bosonic entanglement behaviour in 
the presence of horizons. Here we will disclose in which 
cases changing the dimension affects the correlations be- 
haviour, showing that, for the physical systems, it is 
largely irrelevant . 

The work presented here will show that the role played 
by statistics in the comportment of information in the 
proximity of an event horizon is so important that could 
even give a hint about the relationship between statistics 
and the black hole information paradox. 

This paper is organised as follows, in section [TT] we in- 
troduce some basic notions about an accelerated observer 
reference frame and present the Bogoliubov transforma- 
tions which relate the Minkowskian modes of the fields 
with its analogous in Rindler coordinates. In section ITO1 
we introduce some notation and present the vacuum and 
one particle states for a scalar and a Dirac field as seen 
from an accelerated observer point of view. We also write 
down the qubit states which we are going to analyse when 
one of the partners accelerates. In section IIVI we com- 
pute the quantum and classical correlations (in terms of 
mutual information and measures of quantum entangle- 
ment) for all the possible bipartitions of the system for 
a Dirac field, showing the emergence of an entanglement 
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Figure 1: (Colour online) Rindler space-time diagram: lines 
of constant position z = const, are hyperbolae and all the 
curves of constant proper time t for the accelerated observer 
are straight lines that come from the origin. An uniformly ac- 
celerated observer Rob travels along a hyperbola constrained 
to region I 

conservation law for the systems AR and AR, as well as 
the conservation of classical correlations. In section [V] 
we repeat the same exercises for the case of scalar fields, 
finding striking differences which point out the enormous 
impact of statistics on correlations behaviour. In both, 
section IIVI and [V] we also analyse the correlations across 
the horizon, i.e., the RR system. Then we present our 
results and conclusions in section |VT1 

II. SCALAR AND DIRAC FIELDS FROM 
CONSTANTLY ACCELERATED FRAMES 

An uniformly accelerated observer viewpoint is de- 
scribed by means of the Rindler coordinates |22j . In order 
to cover the whole Minkowski space-time, two different 
sets of coordinates are necessary. These sets of coordi- 
nates define two causally disconnected regions in Rindler 
space-time. If we consider that the uniform acceleration 
a lies on the z axis, the new Rindler coordinates (t, x, y, z) 
as a function of Minkowski coordinates (t, x , y, z) are 

at = e az sinh(ai), az — e az cosh(ai), x = x, y = y (1) 

for region I, and 

at = —e az sinh(at), az = —e az cosh(ai), x = x, y = y 

(2) 

for region IV. As we can see from fig. 1, although we 
have covered the whole Minkowski space-time with these 
sets of coordinates, there are two more regions labeled II 
and III. To map them we would need to trade cosh by 
sinh in equations (HJ,©. In these regions, t is a space- 
like coordinate and z is a timelike coordinate. However, 
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considering such regions is not required to describe fields 
from an accelerated observer perspective (3. IH [TBI. l22l [23| . 

The Rindler coordinates z, t go from — oo to oo in- 
dependently in regions I and IV. It means that each 
region admits a separate quantization procedure with 
their corresponding positive and negative energy solu- 
tions of Klein-Gordon or Dirac equations 1 {ipt~t, V'fcl} 

and{V^ + ,C~}'. 

Particles and antiparticles will be classified with re- 
spect to the future-directed timelike Killing vector in each 
region. In region I the future-directed Killing vector is 

dl =Q- f di+ g- t d, = a(zd~ t + id,), (3) 
whereas in region IV the future-directed Killing vector is 

or = -di 

This means that solutions in region I, having time de- 
pendence ip k + ~ e~ lkat with ko > 0, represent positive 
energy solutions, whereas solutions in region IV, having 
time dependence ip k + ~ e ~ lfeot with ko > 0, are actually 
negative energy solutions since d\ v points to the oppo- 
site direction of c% . As I and IV are causally disconnected 
V'jfc^ an d only have support in their own regions, 
vanishing outside them. 

Let us denote (dj k ,a\ k ) for the scalar field 

and (bj , , bt , ) for the Dirac field as the par- 
ticle annihilation and creation operators in region 
I, and { c iks' c \ks) t ne corresponding antiparti- 
cle Dirac field operators. Analogously we define 

( a IV,k^ a IV,k'^IV,k,s^IV,k,s^ C IV,k,s' C IV,k,s) aS tne P ar tL 

cle/antiparticle operators in region IV. 

The bosonic operators satisfy the commutation rela- 
tions [a R k , k> ] = ^RR'(5fcfc/ and the fermionic operators 

satisfy the anticommutation relations {c R k s , k , g ,} = 
<5rr' &kk' 3ss' ■ The subscript R notates the Rindler region 
of the operator R = {/, IV}. All other commutators and 
anticommutators are zero. This includes the anticom- 
mutators between operators in different regions of the 
Rindler space-time. 

We can relate Minkowski and Rindler creation and an- 
nihilation operators by taking appropriate inner prod- 
ucts and computing the so-called Bogoliubov coefficients 

For a scalar field, the Bogoliubov relationships for the 
annihilation operator of modes with positive frequency 
are 

a,M,k = cosh r s ai t k — sinhr s a\ v _ k (4) 

where 

fcQ C 

tanhr s = e~^~ (5) 



Throughout this work we will consider that the spin of each 
mode lies on the acceleration direction and, hence, spin will not 
undergo Thomas precession due to instant Wigner rotations [a, 



For a Dirac field, the Bogoliubov relationships take the 
form 

bM,k,s = cos r d b Iyk ,s - sin r d c\ v _ k _ s 

c \i,k,s = cosr d 4 Vife)S +sinr d 6j,_ fc ,_ s (6) 

where 

tanr s = e~ n ~«~ (7) 

III. VACUUM AND ONE PARTICLE STATES 

The Minkowski vacuum state for the scalar field is de- 
fined by the tensor product of each frequency mode vac- 
uum 

|0} = (g)|0 fc ) (8) 

k 

such that it is annihilated by ak for all values of k. 

The Minkowski vacuum state for the Dirac field is de- 
fined by the tensor product of each frequency mode vac- 
uum 

|0) = (g)|0 fe , s ) + |(W)- (9) 

k.k' 

such that it is annihilated by 6fe jS and Cfe jS for all values 
of k, s. The ± label indicates particle/ antiparticle mode. 

For the sake of this work we are going to constrain our- 
selves to the single mode approximation (SMA) [H,[l3|. In 
any case in [2ll | we showed, as an universality principle, 
that going beyond this approximation does not modify 
the way in which Unruh decoherence affects entangle- 
ment of spinless fermionic and Dirac fields. Specifically, 
it was shown that Unruh decoherence is independent of 
the number of modes of the field considered in the anal- 
ysis, being statistics the ruler of this process. Hence, for 
our purposes, carrying out this approximation or not will 
not be relevant. 

As it is shown in the vacuum state for a k- 
momentum mode of a scalar field seen from the perspec- 
tive of an accelerated observer is 

'°^ M = coshr J2 tanhUrs l nfe )/ \ n -k)iv ( 10 ) 

s n— 

and as it is shown in [TBj . the vacuum state for a Dirac 
field seen from the accelerated frame is 

|0) M = cos 2 r rf |0 fe )J |0 fc )7y +sinr d cosr d (\\ k )] \i k )J v 

+ \tk)7v) + Shl2 T d \Pk)t \Pk)J V (11) 

where Ipk^ represents the pair of particles/antiparticles 
for frequency k as defined below. In these exp ressions we 
use the same notation as in references [1, Il5j . 
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Notice that for fermions there is a constraint due to 
Pauli exclusion principle 



bl. 



|0> 



(12) 



If s = s' the two particle state is not allowed. There- 
fore the allowed Minkowski states for each mode of par- 
ticle/ antiparticle are 



{|o fc ) ± ,|t fc ) ± ! || fe ) ± ,b fc ) ± }. 



(13) 



From now on we will drop the sign ± as, in this work, 
a mode in region / will always be a particle mode and a 
mode in region IV will always represent an antiparticle 
mode. To simplify notation we will also drop the k label 
as we are working under SMA. 

We will use the following definitions for a pair of 
fermions 



\p)i 



\P) IV — Cm/^C 



IVf C IV± \®)iv 



(14) 



and, being consistent with the different Rindler regions 
operators anticommutation relations, 

I s )/ W)iv = b\Avs> \0)i \0)iv = -4vAs \0)iv 

4vs\*)i\0)iv = -\°)iW)iv ( 15 ) 

For this work we will also need the Minkowskian one 
particle state in Rindler coordinates. This state would 
be 



|1)m = 



— 2 — / tanh" r s y/n + 1 \n + l)j | 



n=0 



IV 

(16) 



for the scalar field Q| and 

|t) M = cosrdlt^lO^ + smrdlp^lt)^ 

IV ~ smr d \p)i \i)iv (If) 

for the Dirac field [l5j . 

Now we need to consider the following maximally en- 
tangled states in Minkowsky coordinates 

— (|0)mIO)m 



I*, 



V2 
1 



(18) 



= ^(|0> M |0) M + |t) M |4> M ) (19) 

These two maximally entangled states are analogous, 
both are qubit states and superpositions of the bipar- 
tite vacuum and the bipartite one particle state. The 
difference is that in (TlT)|) we have a Dirac field state and 
hence, the one particle states have spin. 

For | 'I'd) we have selected one amongst the possible 
values for the spin of the terms with one particle for Al- 
ice and Rob, but it can be shown that the election of a 
specific value for these spins is not relevant when con- 
sidering the behaviour of corrleations. Then, the results 
presented here are independent of the particular choice 
of a spin state for the superposition (TTJ 



IV. CORRELATIONS FOR THE DIRAC FIELD 

The density matrix for whole tripartite state, which 
includes modes on both sides of the Rindler horizon along 
with Minkowskian modes, is built from (|19l) 



ARR 



|*d><* 



(20) 



The three different bipartitions for the Dirac field case 
are obtained by partial tracing over the part which we 
want to eliminate, which is to say. 

rt*=Tr IV f4 a& = E (s\ IV Pi RR \s) IV (21) 
se{o,t4,p} 

P f=^ip A d ™= J2 (s\ lP i RR \s)i (22) 
se{o,t4.p} 

= £ ( s \Mpi RR \s) M (23) 
se{o,t4.p} 



„RR _ ty n ARR 
Pd - 11 M Pd 



and the density matrix for each individual subsystem is 
obtained by tracing over the other subsystems, 



Pi 


TV „ar 

- Ll lpd - 




(24) 


P R 


- Irjy p d 


— Trjv/ Pd R 


(25) 




- Ll iPd - 


Tr M pr 


(26) 



The different bipartitions are characterized by the fol- 
lowing density matrices 



AR 
Pd 



AR 
Pd 



: i [ cos 4 r d |00) (00| + sin 2 r d cos 2 r d ( |0 f) (0 t| 
+ |0|)(0||) +sin 4 r d |0p)(0p| +cos 3 r d (|00) 
x (ni + in>(00|) -sin 2 r e2 cosr d (|0t><tp| 
+ |t p) (0 t| ) + cos 2 r d It!) (til + sin 2 r d 
x|tp)(tp|] (27) 

: - [ cos 4 r d |00) (00| + sin 2 r d cos 2 r d ( |0 |) (0 || 
+ |0 t) (0 tl ) + sin 4 r d | Op) (Qp| - sin 3 r d 
X ( IP?) (til + Itt) (0p\ ) + sinr d cos 2 r d ( |0 f) 
x (t0| + |t0)(0t|) +cos 2 r d |t0)(t0| 
+ sin 2 r d |n)<n|l (28) 
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RR_ 
Pd " 



:i[cos 4 r d |00)(00| +sinr d cos 3 r d ( |00)(tl| + |00) 
x (Itl + Itl} (00| + ||t> (00| ) + sin 2 r d cos 2 r d ( |00) 

x (rp| + iti) (n\ + \n) (itl + lit) (til + lit) (itl 

+ M (00| ) + sin 3 r d cos r d ( |t|) (pp\ 

+ M(tll + llt) (pp\ + \pp)(lt\ 

+ cos 2 r d || 0) (| 0| + sin 2 r d \p |) (p || 
- cos r d sin r<j f || 0) (p || + |p |) (| 0| 

+ sin 4 r d \pp) (pp\ 



where the bases are 



(29) 



(30) 
(31) 
(32) 



respectively for (J27J), ([28j) and ((29)) . 

On the other hand, the density matrices for the indi- 
vidual subsystems (HP, ([25]) , ([26]) are 



\nm) 
\nm) 
\nm) 



\ nA ) M \ mR )iv 
|n R ) 7 |m«) JV 



1 



sin 2 r d (l + sin 2 r d ) \p)(p\ + sin 2 r d cos 2 r d |f)(t| 



+ cos 2 r d (l + sin 2 r rf ) ||) (|| + cos 4 r d |0> <0| (33) 



1. Bipartition Alice-Rob 

The eigenvalues of the matrix for the system Alice- Rob 
(1271) are 

Ai = A 2 = 

A 3 = - sin 2 r d cos 2 r d 

A 4 = -sin r d 

A 5 = ~ cos 2 r d (l + cos 2 r d ) 

A 6 = i sin 2 r d (l + cos 2 r d ) (37) 



2. Bipartition Alice.- AntiRob 

The eigenvalues of the matrix for the system Alice- 
AntiRob ([28]) are 

Ai - A 2 = 

A 3 = - sin 2 r d cos 2 r d 



A 4 = -cos 4 r d 



A 5 = - sin 2 r d (l + sin 2 r d ) 
A 6 = - cos 2 r d (l + sin 2 r d ) 



(38) 



pf = 



cos 2 r d (l + cos 2 r d ) |0) (0| + sin 2 r d cos 2 r d |f) (t| 
- sin 2 r d (l + cos 2 r rf ) ||> (|| + sin 4 r d |p) (p\ 1 (34) 



3. Bipartition Rob-AntiRob 

All the eigenvalues of the matrix for the system Rob- 
AntiRob ([29]) are zero excepting two of them 



(4 = o(l°)(°l + lt>(tl) 



(35) 



Ai — A 2 — — ; Ai>2 — 



(39) 



A. Mutual Information: creation, exchange and 
conservation 



Mutual information accounts for correlations (both 
quantum and classical) between two different parts of a 
system. It is defined as 



Iab = Sa + Sb — Sai 



(36) 



where Sa, Sb and Sab are respectively the Von Neuman 
entropies for the individual subsystems A and B and for 
the joint system AB. 

To compute the mutual information for each biparti- 
tion we will need the eigenvalues of the corresponding 
density matrices. We shall go through all the process 
step by step in the lines below. 



4- Von Neumann entropies for each subsystem and mutual 
information 

To compute the Von Neumann entropies we need the 
eigenvalues of every bipartition and the individual den- 
sity matrices. The eigenvalues of p d R , P d R , P d R are 
respectively j37]), j38j and ([39]) . 

The eigevalues of the individual systems density ma- 
trices can be directly read from ([33]) , ([34]) and ([35]) since 
p R , p R and pf have diagonal forms in the given basis. 

The Von Neumann entropy for a partition B of the 
system is 



Sb = - Tr(p log 2 p) = - Ai log 2 Ai 



(40) 



At this point, computing the entropies is quite straight- 
forward. The Von Neumann entropies for all the partial 
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systems are 
Sr = 1- 



sin 2 r d log 2 (sin 2 r d ) - - cos 2 r d log 2 (cos 2 r d ) 



1 



sin 2 r d 



log 2 (l + sin 2 r d ) 



1 - cos 2 r d log 2 (cos 2 rd) - - sin 2 r d log 2 (sin 2 r d ) 



1 + cos r d 



log 2 (l + cos 2 rd) 



S 



ar 



S n 



s 



AR 



St 



s 



RR 



Sa 



1 



(41) 



And then, the mutual information for all the possible 
bipartitions of the system will be 



lar 



L AR. 



RR 



Sa + Sr? — Sar — 1 + Sr — S 



S A 
Sr 



■>R 

Sr 
Sr 



AR 
Sar 
Srr 



1 + S R — Sf. 
Sr + Sf 



1 



At first glance we can see a conservation law of the mu- 
tual information for the system Alice-Rob and Alice- 
AntiRob 



Iai 



Iar — 2 



(42) 



which suggests a correlations transfer from the system 
Alice- Rob to Alice- AntiRob as the acceleration increases. 

Fig. [5] shows the behaviour of the mutual information 
for the three bipartitions. It also shows how the correla- 
tions across the horizon (Rob and AntiRob) increase, up 
to certain finite limit, as Rob accelerates. 

If we recall the results on spinless fermion fields [|| 
we see that the results for Alice-Rob and Alice- AntiRob 
are exactly the same as those obtained in Q, being the 
conservation law obtained here also valid for that spinless 
fermion case. This result was expected according to the 
universality argument adduced in [2l[ as the explanation 
for the Unruh decoherence for fermion fields of arbitrary 
spin. 

However, something different occurs with the system 
Rob-AntiRob. The creation of correlations between 
modes on both sides of the horizon is greater in the 
Dirac field case. This is related with the dimension of 
the Hilbert space. As we will see in more detail later, 
the dimension of the Hilbert space plays a determinant 
role only in the comportment of the correlations Rob- 
AntiRob. 



B. Entanglement conservation and behaviour 
across the horizon 



We will use the negativity to account for the distillable 
entanglement of the different bipartitions of the system. 
Negativity is an entangle monotone which is only sensi- 
tive to distillable entanglement. 

Negativity is defined as the sum of the negative eigen- 
values of the partial transpose density matrix for the sys- 
tem, which is defined as the transpose of only one of the 



subsystem q-dits in the bipartite density matrix. If <Xj 
are the eigenvalues of p v ^ B then 



■A/as = ~^2i\vi\ ~ ffi) = - 53 CT « 



(43) 



Therefore, to compute it, we will need the partial 
transpose of the bipartite density matrices (|27p , (|28p and 
([29| . which we will notate as rjf 11 , rj d R and rj RR respec- 
tively. 



n AR 



n AR 
Vd 



cos 4 r d |00) (00| + sin 2 r d cos 2 r d (|0 1) <0 tl 

+ |0 i)(0 i\) + sin 4 r d | Op) (Qp| + cos 3 r d 
x(\0i) (t 0| + |t 0) (0 ||) - sin 2 r d cos r d 
x (|0p) (ttl + |tt> (0p|) + cos 2 r d |t4) (til 
+ sm 2 r d \tp)(tp\] (44) 



: i[cos 4 r d |00)(00|+sin 2 r (i cos 2 r d ( |0 |)(0 || 
+ |0 t> (0 tl ) + sin 4 r d \0p) (Qp\ - sin 3 r d 
X ( |0 \.) <t p\ + |t P) (0 i\ ) + sin r d cos 2 r d 
x f |00) (ttl + |tt> (00| ) + cos 2 r d |t 0) (t 0| 



-sin 2 r d |UXU| 



(45) 



n RR - 

Vd - 



sin 2 r d 



:i[cos 4 r d |00)(00| +sinr d cos 3 r d ( |0 |) (t 0| 

+ |ot) Uo| + |t Q)(oi| + |4- o)(ot| 

xcos 2 r d (|0p)(p0| + |tl)(tll + ltt)at! 

+ IIIXttl + llt)atl + bo)(Op| 

xcosr d (\\p){pW + \p V){tp\ + \ip) (Ptl 
+ \P t) (IP\)+ cos 2 r d || 0) (| 0| + sin 2 r d \p |) 
x (p || - cosr d sin r<i( |44) (p0| + |p0) (||| 



sin 3 r d 



■ sin 4 r d \pp) (pp\ 



(46) 



In the following subsections we shall compute the neg- 
ativity for each bipartition of the system. 
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1. Bipartition Alice-Rob 

The eigenvalues of the partial transpose density matrix 
for the bipartition Alice-Rob (l4"4l turn out to be 

Ai = ~ cos 4 r d ; A 2 = ~ cos 2 r sin 2 r d 

1 • 2 x 1 2 

A 3 = - sin r d ; A 4 = - cos r d 



1 • 2 2 / 1 , A , 4 cos2 r d 

A5,6 = 7 sm r d cos r d 1 ± W H ^ 

4 \ V sm r 



As we will see below, this conservation of quantum 
correlations is exclusive of fermionic fields. Statistics can 
be blamed for this neat result. This is in line with what 
was suggested in [2l|, since nothing of the sort will be 
found for bosonic fields. 



3. Bipartition Rob-AntiRob 

The eigenvalues of the partial transpose density matrix 
for the bipartition Rob-AntiRob (|46l) turn out to be 



A 7j8 = - sin rj 1±< 1 



4 cos 2 r d 



sin 4 r d 



(47) 



As we can see, As is non-positive and A6 is negative for 
all values of a, therefore the state will always preserve 
some degree of distillable entanglement. The negativity 
is, after some basic algebra 



A/r = icos 2 r d 



(48) 



2. Bipartition Alice-AntiRob 

The eigenvalues of the partial transpose density matrix 
for the bipartition Alice-AntiRob (j45]l turn out to be 



Ai = isin 4 r d ; A 2 = i sin 2 r d cos 2 r d 

1 2 x 1 • 2 

A 3 = -cos r d ; A 4 = - sm r d 



1 2 9 / / 4 tan 2 r d 

A5,6 = t sm r d cos r d 1 ± \ H = 

4 \ V cos z r d 



1 4 / / 4tan 2 r d 

A 7 . 8 = — cos r d 1 ± W H = 

V cos z r<j 



(49) 



The negativity, after some basic algebra, turns out to be 



(50) 



It is remarkable -and constitutes one of the most sug- 
gestive results of this article- that we have obtained here 
a conservation law for the entanglement Alice-Rob and 
Alice-AntiRob, since the sum of both negativities is in- 
dependent of the accelerations 



cos 4 r d sin 4 r d 
Ai — — 7. — ; A2 — — - — 



A 3 — A 4 — 



sin 2 r d cos 2 r d 



^5,6 — ± 



A/8 — ± 



sm r d cos r d 



cosr d sm r d 



A,;o = - 



l±Wl + sin J (2r d ; 



An, 



sin 2 r d 
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1± Jl + sin 2 (2r d ) 



H3, 14, 15, 16 



sin 2 (2r d ) (52) 



and therefore, the sum of the negative eigenvalues gives 
a negativity 



N d R = 7 



sin(2r d ) 



- 1 



+ [1 + sin(2r d )] ^Jl + sm 2 (2r d ) 



(53) 

As it can be seen from (|53"|) and graphically in fig. El 
the entanglement between Rob and AntiRob, created as 
Rob accelerates, grows up to a finite value. Although this 
entanglement is useless for quantum information tasks 
because of the impossibility of classical communication 
between both sides of an event horizon, the result ob- 
tained here is a useful hint in order to understand how 
information behaves in the proximity of horizons. 

Comparing again this result with spinless fermions 0] , 
we see that for Dirac fields, the maximum value of the 
negativity is greater. Again this is strongly related with 
the dimension of the Hilbert space, as we will comment 
more deeply below, when we deal with scalar fields. 



■AR 



1 



(51) 



V. CORRELATIONS FOR THE SCALAR FIELD 



This is similar to the result (|4"2"|) for mutual information. 
Again, one could check that for spinless fermion fields 
the same conservation law (|5ip obtained here applies. 
This was again expected due to the universality principle 
demonstrated in 12111 . 



The density matrix for the whole tripartite state, which 
includes modes in both sides of the horizon along with 
Minkowskian modes, is built from flTBl 



ARR 



(54) 



8 
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and the density matrix for each individual subsystem 



p; 1 


= Tr lP f« = 


Trivpf* 


(58) 


pf 


= TrivP™ 


= Tr M pf R 


(59) 


pf 


= T*iP?* = 




(60) 



The bipartite systems are characterized by the follow- 
ing density matrices 



P 



AR 



E 



tanh 2 ™ r s 
2 cosh 2 r. 



\0ri)(0n\ 



v / n+ 1 
coshr, 



(|0n)< 



ln + 1 



|ln+ l)(0n| 



n + 1 
cosh 2 r. 



|ln + l)<ln + l| 



(61) 



Figure 2: (Colour online) Dirac field: Mutual information 
tradeoff and conservation law between the systems Alice- Rob 
and Alice-AntiRob as acceleration varies. It is also shown 
the behaviour of the mutual information for the system Rob- 
AntiRob. Blue continuous line: Mutual information AR, red 
dotted line: Mutual information AR, black dashed line: Mu- 
tual information RR 




0.2 0.3 0.4 0.5 0.6 

r=arctan(exp(-it k Q c/a)) 



Figure 3: (Colour online) Dirac field: Negativity tradeoff and 
conservation law between the systems Alice-Rob and Alice- 
AntiRob as acceleration varies. It is also shown the behaviour 
of the quantum correlations for the system Rob-AntiRob. 
Blue continuous line: Negativity AR, red dotted line: Nega- 
tivity AR, black dashed line: Negativity RR 



AR _ 



E 



tanh" 



2 cosh r* 



\0n)(0n\ + — -tl tanh r s ( \0n + l) 
coshr, V 



x (ln| + |ln)(0ra+l|) + |1//>{1// (<i2) 



cosh r, 



„RR 



E 

m=0 



tanh 



n+m 



2 cosh r 



nn) (mm\ 



\Jn + \\Jm + 1 



cosh 2 r s 



x \n + 1 n)(m + 1 m|J 

where the bases are respectively 

\nm) = \n A ) M \m R ) I 
\nm) = \n A ) M \m R ) IV 
\nm) = \n R ) 7 \m R ) IV 



(63) 

(64) 
(65) 
(66) 



for (Ull) and (|63j) . 

On the other hand, the density matrices for the indi- 
vidual subsystems ([51]), ([Ml),® are 



E 

n=0 



tanh 2 '"' 1 ) - 
2 cosh 2 r, 



tanh r. 



cosh 2 r s 



\n)(n\ 



E 

n=0 



tanh 2 ™ r s 
2 cosh 2 r, 



n + 1 



cosh 2 



\n)(n\ 



Pf = 2 (|0)(0| + |1>(1|) 



(67) 
(68) 

(69) 



As in the fermion case, the three different bipartitions 
for the scalar held case are obtained as follows 



pf R 


= Tr IV p? RR 


(55) 


pf R 


= Tr lP ARR 


(56) 


P RR 


rp_ ARR 


(57) 



A. Mutual Information: creation, exchange and 
conservation 

Mutual information accounts for correlations (both 
quantum and classical) between two different parts of 
the system. Its definition is (I3"6l) . 

To compute the mutual information for each biparti- 
tion we will need the eigenvalues of the corresponding 
density matrices. We shall go through all the process 
detailedly in the lines below. 
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1. Bipartition Alice-Rob 

The density matrix for the system Alice- Rob (l6Tj) con- 
sists on an infinite number of 2 x 2 blocks in the basis 



{|0n),|ln + l)} r c 



which have the form 



tanh 2 ™ r s 
2 cosh 2 r, 



whose eigenvalues are 
A* = 

A„ = 



1 



VnTT \ 

cosh r s 

Vn+1 n+1 

V coshr s cosh 2 r s J 



(70) 



tanh 2 " 



2 cosh r„ 



1 



cosh r c 



(71) 



2. Bipartition Alice-AntiRob 

Excepting the diagonal element corresponding to 
|00)(00| (which forms a 1 x 1 block itself) the den- 
sity matrix for the system Alice- AntiRob (j6"2")l consists 
on an infinite number of 2 x 2 blocks in the basis 
{|0n) , |1 n — which have the form 



tanh 



2» 



2 cosh 2 



1 



Vn \ 

sinh r s 
n 



\ sinh \ 



sinh 2 r, 



(72) 



We can gather all the eigenvalues in the following expres- 
sion 



— 

A" = 



tanh 2 ™ r s 
2 cosh r s 




sinh 



(73) 



3. Bipartition Rob-AntiRob 



4- Von Neumann entropies for each subsystem and mutual 
information 

To compute the Von Neumann entropies we need the 
eigenvalues of every bipartition and the individual den- 
sity matrices. The eigenvalues of pf R , pf R , p RR are 
respectively ([71]), dZSJ and (|74|) . 

The eigevalues of the individual systems density matri- 
ces can be directly read from (p7|) . and (jB"9")) since pf , 
p R and pf have diagonal forms in the Fock basis. The 
Von Neumann entropy for a partition B of the system is 

601). 

At this point, computing the entropies is quite straight- 
forward. Von Neumann entropy for the Rob partial sys- 
tem is 



Sr 



oc 

£ 

71 = 



tanh 2 ^ 1 ) 



x log 2 



2 cosh r s 

tanh 2 ^ 1 ^ 
2 cosh 2 r. 



■ ( tanh 2 r s 



cosh r., 



( tanh 2 



r s + 



cosh r. 



(76) 



The partial matrices have a similar mathematical struc- 
ture. Therefore, we can express the non-trivial entropies 
for the all the possible partitions as a function of the 
entropy (|76l) for Rob's partial system 



Sr 



tanh rv 

+ l°g2 ( tanh 2 r. 
Sar = Sr, S a h = Sr 



■ 72 l0 §2 I „ ,2 

2 sinh V 2 cosh r< 



S RR = S A = l (77) 



Notice that the expression for S R may appear to blow 
up as r s — > 0, however this is not the case and it can be 
checked analytically using ([76)) that lim r ^o S R = 0. 

The mutual information for all the possible bipartitions 
of the system will be 



Iar 


= S A - 


^s R 


— Sar. 


= 1 + Sr — S R 


^ar 


= S A - 


hS R 


~ Sar 


= 1 + S R — Sr 


Irr 


= s R - 


^ Sr 


~ s RR 


= S R + S R -1 



It is easy to see that the density matrix for Rob- 
AntiRob (|63|) -which basically consists in the direct 
sum of two blocks of infinite dimension- only has range 
ra,nk(p RR ) — 2. Therefore its eigenvalues are zero except 
for two of them, which are 



A!' 



RR 



tanh 



2» 



~. 2 cosh 2 r s 



X 



RR 



(n + 1) tanh " r s 1 
= 2 



z — ' 2 cosh r 

n=Q 



(74) 



So, the Von Neumann entropy for p RR is 

S RR = 1 (75) 



Again we obtain a conservation law of the mutual in- 
formation for the system Alice- Rob and Alice- AntiRob 



'AR 



Iar. — 2 



(78) 



which again suggests a correlations transfer from the sys- 
tem Alice-Rob to Alice- AntiRob as the acceleration in- 
creases. 

Although the conservation law is the same as for 
fermion fields (j42|) , the specific dependance of the mutual 
information with the acceleration is different, as it can be 
seen in fig. 0J Later, when we analyse the negativity for 
all the bipartitions, we will see that, even though mutual 
information fulfills this conservation law, we must wait 
for the analysis of quantum correlations to appreciate the 
striking differences between fermions and bosons. 
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Figj5] shows how the correlations across the horizon 
(Rob and AntiRob) increase with no bound as Rob ac- 
celerates. This unbounded growing is not only strongly 
related with the infinite dimension of the Hilbert space, 
but also very much influenced by statistics. As we will 
see later, we require the infinite dimension of the bosons 
Hilbert space in order to have correlations RR which sur- 
vive the limit a —¥ oo. That is not the case for fermions, 
where those correlations survive the limit even though 
the Hilbert space has finite dimension. We will dis- 
cuss how the infinite dimension is responsible for the un- 
bounded growing of correlations across the horizon after 
studying the negativity in subsection IV Bl 



B. Entanglement behaviour across the horizon 



As we did above, we will compute the negativity (|43j) 
for the scalar case. To compute it, we need the partial 
transpose of the bipartite density matrices (jBTj) , (j()2"j) and 
(l63l) . which we will notate as r}f R , r]f R and rj RR respec- 
tively. 



^ tanh 2 " r, 



V s = 



2 cosh r. 



\0n)(Qn\ + ^^l( |0n + l)(ln| 
coshr, * 



+ |lra)(0n+l|) + n+ „ 1 |ln + l)(ln + ll (79) 
/ cosh r, 



3 15 



P, 0.5 



0.5 



1.5 



2.5 



°° tanh 2 " 



„AR 



E 



2 cosh 2 



|0ra)(0ra| 



coshr. 



tanh r 



(|0n) 



x (ln + l\+\ln + l){0n\) + U \ |ln)<ln| (80) 
/ cosh r, 



MR 



E M tanh" +m r. 



n=0 
m=0 



2 coslr 



( \nm) ( 



mil 



\Jn 4- ly/m + 1 
cosh 2 r s 



x \n + 1 m) (m + 1 n\\ 



ill 



In the following subsections we shall compute the neg- 
ativity of each bipartition of the system. 



Figure 4: (Colour online) Scalar field: Mutual information 
tradeoff and conservation law between the systems Alice- Rob 
and Alice-AntiRob. Blue continuous line: Mutual informa- 
tion AR, red dashed line: Mutual information AR, red dashed 
line: Mutual information AR 




Figure 5: (Colour online) Scalar field: Behaviour of the mu- 
tual information for the system Rob- AntiRob as acceleration 
varies 



1. Bipartition Alice-Rob 

Excepting the diagonal element corresponding to 
1 00) (00| (which forms a 1 x 1 block itself), the partial 
transpose of the density matrix pf R ([79]) has a 2 x 2 
block structure in the basis {|0 n + 1) , \ln}} 



tanh 2n r s 
2 cosh 2 r, 



/tanh 2 , s ^±I\ 
cosh r s 

yn+1 n 



(82) 



V cosh r s sinh 2 r s ) 
Hence, the eigenvalues of (|79|) are 
1 



A 1 = 



2 cosh r s 
tanh 2 " r„ \ ( n 



4 cosh 2 r, 



Vsinh 



tanh 2 r, 



( n 



Vsinh 



tanh r. 



cosh r. 



(83) 



And then the negativity for this bipartition is 



AR 



° tanh 2 " r s 



E 



4 cosh r s 



sinh 



tanh 2 r. 



. sinh 



tanh r« 



cosh 



(84) 
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Fig. [6] shows jV s as a function of 




0.5 1 1.5 2 2.5 3 3.5 4 
r=arctanh(exp(-7i k Q c/a)) 



Figure 6: (Colour online) Scalar field: Behaviour of the neg- 
ativity for the bipartition Alice- Rob as Rob accelerates 



2. Bipartition Alice-AntiRob 

Excepting the diagonal element corresponding to 
|10)(10| (which forms a 1 x 1 block itself), the partial 
transpose of the density matrix pf R (|80p has a 2 x 2 
block structure in the basis {|0n) , |1 n + 1)} 



tanh 2 ™ r s 
2 cosh 2 r s 



I 



1 



tanh i 



tanhr t 



cosh 

tanh 2 r s , . 



\ cosh r s " cosh" r 

Hence, the eigenvalues of ([50]) arc 
1 



(85) 



A 1 = 



A I = 



2 cosh r s 
tanh 2 " r s 
4 cosh 2 r s 



l + (n + 2) 



tanh r s 
cosh 2 r s 




l + (n + 2) 



tanh 



cosh 2 r s 



4 tanh r 
cosh 2 r., 



(86) 



Therefore, the negtivity for this bipartition is always 0, 
independently of the value of Rob's acceleration. The im- 
portant implications of this striking result are discussed 
below. 



3. Bipartition Rob-AntiRob 

The partial transpose of the density matrix pf R (|5T|) 
has a block structure, but the blocks themselves are of 
different dimensions which grow up to infinity. Because 
of this, negativity is not as easily computable as for the 
other cases, not being possible to write it in a closed form. 



However it is still possible to compute the eigenvalues 
of (|5TT) numerically taking into account that the blocks 
which form the matrix are endomorphisms which act in 
the subspace expanded by the basis Bo — {|mn)} in 
which m + n = D — 1 = constant, which is to say, 
the fisrt block acts within the subspace expanded by 
the basis B 1 = {|00)}, the second B 2 = {|01),|10)}, 
the third B 3 = { 1 02), 1 20), 1 11)}, the fourth B 4 = 
{|03) , |30) , 1 12) , |21)} and so forth. In this fashion, the 
whole matrix is an endomorphism within the subspace 
(B°^i Si being Si the subspace (of dimension D = i) ex- 
panded by the basis Bi. 

Let us denote Mv the blocks which form the matrix 
(f8Tj) . being D the dimension of each block. Then its 
structure is 



M 



D 



(0 


a i 










. ... o \ 


a\ 





o 2 







.... o 





a 2 





d3 




.... o 








«3 







.... o 















•. ••• 
















cld-1 


V° 











. 


. . a D -x a D J 



(87) 



which is to say, the diagonal terms are zero except for 
the last one, and the rest of the matrix elements are zero 
excepting the two diagonals on top and underneath the 
principal diagonal. The elements a n are defined as follows 



(tanh r ( 



\D-1 



2 cosh 2 : 



"2/ 



(tanh r s ) D ~ 2 
2 cosh 4 r s 



(89) 



Notice that the elements are completely different when 
the value of the label n is odd or even. 

As the whole matrix is the direct sum of the blocks 



^RR 



D=l 



(90) 



the eigenvalues and, specifically, the negative eigenvalues 
of Tjg would be the negative eigenvalues of all the blocks 
Md gathered togheter. It can be shown that the absolute 
value of the negative eigenvalues of the blocks decreases 
quickly as the dimension increases. Thus, the negativity 
Af RR converges promtply to a finite value for a given 
value of r s . Fig [7] shows the behaviour of Af RR with 
r s , showing that the entanglement increases unboundedly 
between Rob and AntiRob. 

Let us compare these results with the fermion case. 

First, as it was shown in the negativity of the sys- 
tem Alice- Rob decreases as Rob accelerates, vanishing in 
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the limit a — > oo, instead of remaining finite as in the 
fermionic cases [!, [TH . 

What may be more surprising is the behaviour of quan- 
tum correlations of the system Alice- AntiRob. In the 
fermion case negativity grows monotonically from zero 
(for a — 0) to a finite value (for a = oo). Nevertheless, 
for scalars, Alice- AntiRob negativity is identically zero 
for all acceleration. Hence, there is no transfer of entan- 
glement from Alice-Rob to Alice-AntiRob as it was the 
case for fermions. Still, correlations (classical) are not 
lost as it can be concluded from ([75)) . 

Why do we obtain such loss of entanglement for the 
bosonic case and, conversely, it does not happen in the 
fermionic case? The answer is, once again, statistics. 

One could think of the infinite dimensionality of the 
Hilbert space for scalars (compared to the finite dimen- 
sion for fermions) as the cause of this different behaviour. 
However we shall prove that it has to do with the bosonic 
nature of the field rather than with the infinite dimen- 
sionality of the Hilbert space. We can see this considering 
hardcore bosons instead of scalars, which is to say, we can 
limit the occupation number for the bosonic modes to a 
certain finite limit N instead of taking N — > oo. By doing 
so, we transform the infinite dimension Hilbert space for 
bosons into a finite dimension one. As we will see below, 
in any case, the negativity would continue being zero for 
all a. 

To illustrate this argument, we could compare the 
fermionic case with the hardcore bosonic case with N = 2 
which would be its analogous, namely, a bosonic field 
whose occupation number is limited to 2. Looking at 
the partially transposed density matrix for the fermionic 
case, we can seek for the negative eigenvalues origin and, 
then, compare the analogous structure that would appear 
for the hardcore bosonic case. We will see that, in the 
latter case, no negative eigenvalues are obtained. 

Recalling the form of the matrix (|4"5[) , we can see that 
it has a structure of four lxl blocks, which give positive 
eigenvalues, and two 2x2 blocks, which are the ones 
whose eigenvalues contribute to the negativity. These 
two blocks are 



Specifically, for N — 2 the two blocks are 



1 / cos 4 r d sinr d cos 2 r d 

2 \ sin Td cos 2 rd 



(91) 



in the basis {|00) , |tt)} and 



1 / sin 2 rd cos 2 rd — sin 3 



sin 3 r d 







(92) 



in the basis {|0 I) , |f p)}- 

For hardcore bosons with occupation number limited 
to n = N the structure would be quite similar to (|80|). 
but this time we would have two lxl blocks instead of 
one (the elements |00)(00| and | NN) (NN\) and N 2 x 2 
blocks with the structure (1551) but with n = 0, . . . , N— 1. 



2 cosh 2 ; 



1 

tanhr. 



\ cosh r s 
in the basis {|00) , |11)} and 



tanh 2 r s 
2 cosh 2 r s 



( 



1 



tanh r s 
cosh r s 
2 tanh 2 r s 
cosh 2 r s } 



y/2 tanh r s \ 



(93) 



coshr. 



■s/2 tanh r s 3 tanh 2 
V cosh r s 



cosh 2 r. 



(94) 



/ 



in the basis {|01) , |12)}. 

The key difference comes from the second diagonal 
term of the blocks, which in the fermionic case it is 
impossible to obtain due to the peculiar structure that 
fermionic statistics imposes on (fTTj) . On the other hand, 
for bosons this term is non-zero, and furthermore it has 
a value large enough to prevent the partial transposed 
density matrix from having negative eigenvalues. 

As mentioned in section llHl this result is independent 
of the election of the particular value for the spin com- 
ponents for Alice and Rob in (fT^|) . It also does not de- 
pend on N (the limit for occupation number we impose 
to hardcore bosons modes) and this phenomenon is ex- 
clusively ruled by statistics. Besides, this is an evidence 
of the difference between hardcore bosons and fermions, 
which sometimes in the literature are considered as the 
same. This is not the case, at least speaking about quan- 
tum correlations, about which we have observed that 
statistics is a key feature. 

This is additional confirmation of the important role 
that statistics plays in the behaviour of correlations in 
non-incrtial frames, and specifically in the proximity of 
black holes. In fact, getting closer and closer to the 
Rindler horizon (i.e. a oo) the situation resembles 
more and more the scenario in which Rob is arbitrarily 
close to the event horizon of a Schwartzschild black hole, 
while Alice is free-falling into it. 

About the bipartition Rob- AntiRob, at first glance at 
fig [5J and [7J one could think that there might be some in- 
consistency between the behaviour of entanglement and 
mutual information, as the latter grows linearly while 
negativity seems to grow exponentially. Since mutual in- 
formation accounts for all the correlations (quantum and 
classical) between Rob and AntiRob, the result may ap- 
pear paradoxical. However this apparently inconsistent 
results are due to the fact that negativity cannot be iden- 
tified as the entanglement itself, but as a monotone which 
grows as the degree of entanglement does. The specific 
functional form chosen for the monotone is not imposed 
by physical motivations. Actually, we could have cho- 
sen logarithmic negativity -instead of negativity- as our 
entanglement monotone since it is in fact better to be 
compared with mutual information due to its additivity 
properties 25]. The result obtained in this case, shown 
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in fig. is that when acceleration grows both growths 
become linear. 

Coming back to the argumental line of this paper, we 
observe that entanglement grows unboundedly for this 
bipartition, conversely to the fermion case in which neg- 
ativity increases up to a certain finite limit as Rob accel- 
erates. This different behaviour is related not only with 
the dimension of the Hilbert space but also it is strongly 
influenced by statistics. 

Actually, if we consider again hardcore bosons we can 
see from (1871) that limiting the dimension would give a fi- 
nite number of blocks which contribute to the negativity, 
being the last one truncated and having dimension N — 1 
instead of N + 1. In any case, taking the limit a — ¥ oo we 
can see that negative eigenvalues of the partially trans- 
pose density matrix tend to zero as a grows. Therefore 
negativity vanishes in that limit. 

Naturally, the same happened in the standard bosonic 
case, but then we had that negativity was the sum of an 
infinite number of terms each vanishing when a — > oo. 
The negativity resulted divergent, although. Now we are 
adding only a finite number of vanishing terms so that 
negativity, which was divergent when a — ¥ oo for stan- 
dard bosons, now vanishes in such limit. This behaviour 
contrasts with the fermionic case and the standard scalar 
field case. 

This and other points related with the impact of di- 
mension and statistics on this correlations across the 
horizon will appear elsewhere. 
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Figure 7: (Colour online) Scalar field: Behaviour of the neg- 
ativity for the bipartition Rob-AntiRob as Rob accelerates 



VI. CONCLUSIONS 

This work focused on the bipartite correlations be- 
tween different spatial-temporal domains in the presence 
of an event horizon. Specifically, we analyse all the pos- 
sible bipartitions of an entangled system composed by an 




Figure 8: (Colour online) Scalar field: Comparison of growth 
of quantum and all (quantum+classical) correlations for the 
system Rob-AntiRob as acceleration increases. Quantum cor- 
relations are accounted for by logarithmic negativity. This 
figure compares this entanglement measurement with mutual 
information. Blue continuous line represents mutual informa- 
tion and red dashed line represents Logarithmic negativity 

inertial observer and an accelerated one, who inhabits a 
universe with an event horizon. 

As pointed out in the introduction, Rindler space-time 
is the simplest case which, presenting a horizon, also re- 
produces two interesting physical scenarios. Namely, it 
describes the point of view of an uniformly accelerated 
observer and, in the limit a — > oo, it reproduces an ob- 
server resisting arbitrarily close to a Swchartzschild black 
hole event horizon. 

First of all, we have studied the relation between the 
behaviour of entanglement of the system Alice-Rob and 
Alice- AntiRob, which are the two bipartitions to which 
one could assign physical meaning. We have shown that 
the dimension of the Hilbert space has little to do with 
the entanglement behaviour. 

We recall two results to support this statement, on 
one hand, in [21] we studied the case of a Dirac and 
a spinless fermion field beyond the single mode approx- 
imation in which fermionic Hilbert space turned out to 
have infinite dimension. On the other hand, here we have 
analysed bosons in a Hilbert space of infinite and finite 
dimensions (scalar field and hardcore scalar respectively). 
The results are that the characteristic differences between 
fermion fields and bosonic fields for the bipartitions AR 
and AR manifest independently of the dimension of the 
Hilbert space. 

Here we have disclosed a great difference in the be- 
haviour of quantum correlations for fcrmions and bosons. 
In the fermionic case we showed that, at the same time 
as Unruh decoherence destroys the entanglement of the 
system Alice-Rob, entanglement is created between Al- 
ice and AntiRob. This means that the quantum entan- 
glement lost between Alice and the field modes outside 
the event horizon is gained between Alice and the modes 
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inside. This is expressed through the entanglement con- 
servation law (|51[) . which we have deduced for fermions. 

Nevertheless, for bosonic states it was shown that, as 
acceleration increases, entanglement is quickly and com- 
pletely lost between Alice and Rob while no quantum cor- 
relations are created between Alice and AntiRob. More- 
over, no entanglement of any kind survives among any 
physical bipartition of the system in the limit a — > oo for 
the bosonic case. This contrasts with the fermionic case 
where the amount of entanglement among all the physical 
bipartitions of the system remains always constant. 

This goes in the line of the previous work [2lj in which 
we suggested that all the entanglement which survives a 
black hole event horizon is purely statistical, and gives 
no further information than the statistical correlations 
which inescapably appear due to the fermionic nature of 
the field. 

These powerful and suggesting results may well be 
related with what was obtained in previous works as 
[26l \2l\ . In those works it was demonstrated, for pure 
states in first quantization, that the fact of considering 
indistinguishable fermions implies that there are quan- 
tum correlations of which we cannot get rid due to the 
antisymmetrisation of the fermionic wavefunctions. Of 
course, the scenario here is not the same, but analysing 
together the results obtained here and those in (2|| [27| re- 
veals the somewhat special feature of fermionic fields re- 
garding entanglement comportment: statistics informa- 
tion, or in this case, information of the fermionic nature 
of the field, cannot be erased from our system, and still, 
that information is expressed by means of quantum cor- 
relations. 

Another remarkable result is the conservation law for 
mutual information for fermions (j4"2"j) and bosons ([75)1 
shown in in fig. [2] and fig. 2] The detailed behaviour is 
different for both cases but the same conservation law is 
obtained for the mutual information of the bipartitions 
Alice-Rob, and Alice AntiRob. Mutual information ac- 
counts for both classical and quantum correlations (de- 
spite the fact that in general there is no trivial relation 
between negativity and mutual information). However 
for the bosonic case, the mutual information distributes 
between the systems Alice-Rob and Alice- AntiRob more 
rapidly than for the fermion case. 

This result for mutual information means that corre- 
lations are always conserved for the systems Alice-Rob 
and Alice-AntiRob, despite the fact that quantum cor- 
relations vanish for the bosonic case and they are pre- 
served (and this is the effect of statistics) in the fermionic 
case. The fact that classical correlations behave in a sim- 
ilar way for fermions and bosons while quantum correla- 
tions comport so differently suggests again that the quan- 



tum entanglement which survives the black hole limit is 
merely statistical. 

Another difference between fermion and bosons ap- 
pears analysing the correlations between modes inside 
and outside the horizon. It is interesting to notice that, 
as the non-inertial partner accelerates, correlations across 
the horizon are created. Both, dimension of the Hilbert 
space and statistics, play a fundamental role in the be- 
haviour of these correlations. We have obtained that 
for Dirac fields these correlations, quantum and classi- 
cal, grow as Rob accelerates up to a finite value at the 
limit a — ¥ oo. This limit is greater than the analogous 
limit obtained for spinless fermions in Q whose Hilbert 
space for each mode is smaller. For the bosonic case, on 
the contrary, those correlations grow unboundedly, be- 
ing infinite when a — > oo. Surprisingly, for the hardcore 
bosonic field, in which Hilbert space have an arbitrarily 
large but finite dimension, the behaviour of this correla- 
tions is not even monotonical, being zero for the inertial 
limit as well as for the infinite acceleration regime, but 
non-zero in between. Therefore, statistics and dimen- 
sionality must be taken into account in order to find the 
origin of this comportment. 

We have dealt with this bipartition separately since it 
cannot be given a physical interpretation in terms of in- 
formation theory. However, it is worthwhile to analyse 
its comportment since it could reveal the relative roles 
of dimensionality and statistics when accounting for the 
behaviour of correlations in the presence of an event hori- 
zon. This topic, which deserves further study, is expected 
to appear elsewhere. 

It is important to recall that the limit a — > oo can 
be understood as considering an observer moving in a 
trajectory arbitrarily close to the event horizon of a 
Schwarzschild black hole 4]. So, along with the inter- 
est of describing the correlations between accelerated ob- 
servers, this study gives further insight about the fate 
of correlations in the presence of a black hole. Together 
with [2l|, our results could be of use to tackle the prob- 
lem of the information paradox in black holes, for which 
they indicate that statistics plays a very important role. 
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